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3.0 INTRODUCTION

Solution of equations lies at the very heart of algebra. It has enormous applications.
The importance of equations stems from the fact that they provide a means by which
many complicated relationships in real-life problems can be written down in a clear
and concise form.

In earlier classes you studied how to solve a first degree (linear) equation.
bx+c=0(b#0).
Recall that you had obtained its roots as x = — c/b.

In this unit, we shall take up solving second, third and fourth degree equations in one
variable.

3.1 OBJECTIVES

After studying this unit, you will be able to:

solve a quadratic equation, cubic and biquadractic equations;

o find values of symmetric expressions involving roots of a cubic and quadratic
equation;

e form equations whose roots are known; and

e use equations to solve several real life problems.

3.2 SOLUTION OF QUADRATIC EQUATIONS

Definition : Any equation that can be written in the form
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where a, b and c are real number and a not equal to 0 (a # 0), is called a quadratic
equation. The form ax®+ bx + ¢ = 0 iis called the standard form for a quadratic
equation.

3.3 QUADRATIC FORMULA

We now use the method of completing the square to obtain the formula for roots of a
quadratic equation. Towards this end we first list the steps for completing the square.

Steps for completing the Square

Step 1: Write an equivalent equation with only the x* term and the x term on the left
side of the equation. The coefficient of the x* term must be 1.

Step 2 : Add the square of one—half the coefficient of the x term to both sides of the
equation.

Step 3 : Express the left side of the equation as a perfect square.

Step 4 : Solve for x.

Theorem (The Quadratic Formula)

For any quadratic equation in the form ax® + bx + ¢ = 0, where a # 0, the two solutions
are

—b ++Vb?% —4ac d—b—Vb2—4ac
= an
2a 2a

X

Proof : We shall prove this quadratic theorem by completing the square on
at+bx+c=0

b c
= x4+ —x+-=0 [divide by a]

a a

, , b c

= x4+ —x=--

a a

b 1b c /1b 1b _
> x4+ -x + (—.—) = ——+ (—.—) [add (—.—) to each side]

a 2 a a 2 a 2 a

2 c b2



b \? Equations
= (x + )

2a
_ b*— 4ac 2 4 b 4 b?
= 122 X X 12
h N2
= (“5)]
b Vb2 — 4ac
S>x+-x =t —— lifx* = k,x = +Vk]
a 2a
- N b B b% — 4ac N b B b% — 4ac ve £
X+ o= a orx + o— = 5a [solve for x]
b Vb?%-—4ac b Vb?%-—4ac
5y =——-——————90orx =-—- —— ——
2a 2a 2a 2a

This complete the proof. Let us see what have proved. If our equation is in the form
ax? + bx + ¢ = O(standard form), where a # 0, the two solutions are always given by
the formula

—b +Vb? — 4ac
X =
2a

This formula is known as the quadratic formula. If we substitute the coefficient a, b
and c of any quadratic equation in standard form in the formula, we need only perform
some basic arithmetic to arrive at the solution set.

The Nature of Solutions

Since the solution set for every quadratic equation is

{—b + Vb2 —4ac —b —Vb? — 4ac}

2a 2a

the solutions can be expressed as

—b  Vb? —4ac 8 —b Vb? —4ac
or _—

P T

Discriminant

The expression D = b? — 4ac is called discriminant because it determines the nature
of the solutions of a quadratic equation.

1. If b2 — 4ac = 0 then a = B and the equation will have one real root.

2. 1f b2 — 4ac > 0 then a and P will be two distinct real numbers, and the equation
will have two, unequal real roots.

3. If b2 — 4ac < 0 then a and P will be two distinct complex numbers, and the
equation will have no real roots.
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If D=b? —4ac < 0 thendac—b? > 0. Inthis case, the complex number

o 1=W4ac — b? and o , = —iVhac — b? are such that ® > = b2 — 4ac and no other
complex number z is such that z2 = 4 ac — b?. In this case the two roots may written

as

—b+ wq —-b — w,
2a 2a

Sum and Product of the roots

We have

—b+\/b2—4ac+ —b — Vb2 —4ac

at+p= 2a 2a

B —b ++Vb?% —4a —b—\/bz—4ac_ —2b_ b
- 2a " 2a a
—b ++Vb%2 —4ac\ [—b — Vb? — 4ac
and aff =
2a 2a
- <_b)2 R (a+b)(a~b)
~ \2a 2a [(a @
— aZ_bZ]
_b*  b?*—4ac  b*—(b*—4ac) 4ac
T 4q? 402 4q? " 4a%2  a

Thus, if o and B are the roots of the quadratic equation ax’ + bx + ¢ = 0, then
+f="Land ap=©

a+pf = 7 and aff = -

Forming Quadratic Equations with given Roots

An equation whose roots are a and  can be written as (X — a)(X — ) =0

or x’—(a+B)x+ap =0

or x%— (Sum of roots) x + (Product of the roots) =0



Solved Examples Equations

Example 1: If o and P are the roots of the equation ax*+ bx + ¢ =0, a# 0 find the
value of

(i) §+% (i) a2+ B2 (iii) % +£ (iv) a3+ B3

. _ _ .. a B 2
(V) a?+p? (vi) a=3+p73 (vii) (E—;) (viii) a?— B2
Solution:

Since o and B are the roots of ax’> + bx + ¢ =0, a + p=—b/a and aff = c/a.

1 1 _B+a_—b/a_—_b
@ E+E  af  c/a ¢

(i) a*+ p* = (a+ B)? —20([3:(—

24+ B2 b? -2 b? -2
(iii) % + g =2 +ag ( — ac) (%) =—— = [see(ii)]
(iv) a®+p3 =(a+p)’ =3B (a+p) [a®+b® =(a+b)® —3ab(a + b)]

(—b)3 3C(—b> —b®  3bc _ 3abc— b’

a a\ a a3 a3 a3

(“v)  a®+pS  =(a®)?+ (B 2= (a?+p?)° —3a?f?(a?+ p?)
[a3+ b3 = (a+b)® —3ab(a+ b)]

= [(a+ B)* — 2aBT*~ 3(ap) 2[(c. + B )* — 2aP]

2
B bz 21 3 (c) b*> 2c
" laz o« a/ a2 a
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(b? — 2ac)® — 3a?c?(b? — 2ac)
a6

1
=% [b® + 8a3c3 + 3 b% (2ac)? — 3 b* (2ac) — 3a? b?c? + 6 a3c3]

1
=% [b® — 9 a? b% c?> — 6a b*c — 2a3c3]

1 1 a*+a®>  (@a+p)? - af(a+B)

() e =S R Ty T @y

_ (=b/a)*-3(2) (-b/a@)
B (c/a)?

b3
B -7t 3(bc/a?) _ 3abc - b3

c3/a3 B c3

win (5-2) - (0‘2—32) _ [@=p+pr

B «a aB a?p?
_(a+p)?*[(a+B)*—2aB] _ b* [(b* - 2ac)/a?
- (ap)> S a? l c?/a? l
b* — 2 ab?c

a?c?
(viii) a?-a®(@a=B)(a+p)

b)z 4c _ b?%-4ac

a

But (@ — )2 = (a+p)?— 4af = (
+Vb2 — 4ac

> a—fF= »

+vb?% — 4ac (—b) +bVb2 — 4ac

Thus, a’?—p? = - —

a a

Example 2: Find the quadratic equations with real coefficients and with the
following pairs of roots(s) :

(i)  3/5,-4/3 (i) 1++3, 1-+3

1 1 . m-—-n m+n

(iii) , (iv) =
10 — V72 10+ 6V2 m+n’ m-—n

V) 2, 1+/3 (vi) 2-3i, 2+3i
64



Solution : Equations

(—4> _9-20  -11

. 3
(i) We have, sum of the roots = + 3 = =

5

d  product of th t—(B)(_4)—4
an pI‘O uct o e roots = 5 3 = 5

Thus, the quadratic equation whose roots are 3/5, —4/3 is

x2— (-11/15)x + (-4/5) = 0 or 15x2 + 11x — 12 = 0.

(i)  We have, sumoftheroots (1++3)+(1-+3)=2.
and  product of the roots (1 ++/3) (1-+/3)=1-3=-2.
Thus, the quadratic equation whose roots are 1 ++/3, 1 —v/3 = is

x2—2x—-2=0

(iii) Note that V72 = V62.2 = 6v2.
1 1
Sum of the roots = +
10-+72 10+ 6V2

_10+6V2+10-6V2 20
B 100 — 72 28

5
7

1 1 1 1
and product of the roots = ( )( ) = = —
P 10 — 72/ \10 + 62 100-72 28

1 1
Thus, the quadratic equation whose roots are and is
. a 10 — V72 10 + 62

x?— (5/7)x+1/28=00r28x2— 20x+1=0.

m-—-n m+n
e

(iv) We have sum of the roots =
m+n m-—n

_(m-nmm-n)—- m+n)(m+n) (Mm-n)’-(m+n)* 4mn
B m2 — n? B (m +n)? T (m+n)?

m—n) _m+n]

and product of the roots = (m i ——

m—-n m+n.

Thus, the quadratic equation whose roots are ,— is
m+n m-—n

dmn

x? - (_ﬁ)xq=00r(m2—n2)x2+4mnx—(m2—n2)=0-
me—n
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Algebra - 11 (iv) Sumoftheroots= 2+1++3 =3+ 3
and product of the roots = 2(1+ v/3).
Thus, the required equationis  x?2— (3+ V3)x+2(1+ V3)= 0
(vi) Sum of the roots = (2-3i) + (2-3i) =4
and product of the roots = (2-3i) (2-3i))=4+9=13

Thus, the required quadratic equation is x? — 4x + 13 = 0.

Example 3

(i) The two roots ryand r;y of the quadratic equation x% + kx + 12 =
0 are such that |ri-ry=1 Findk.

(i) The roots ry and r, of the quadratic equation 5x2 — px + 1 = 0 are such that |
r-ry=1. Determine p.

(iii) If a and B be the roots of the equation x? — 3ax + a? = 0. Determine a if
at+ B =7/4

(iv) Determine k is one of the roots of the equation k (x —1)*= 5x — 7 is double
the other.

(v) If p and q are roots of the quadratic equation
x?+px+q=0. Findp and q.

(vi) If the roots of the equation ax?+ bx + ¢ = 0 are in the ratio p : g, show that
ac (p+a)° = bpq.

(vii) If one root of the quadratic equation ax?+bx + ¢ = 0 is square of the other.
Prove that
b3+ a?c +ac? = 3abc.

Solution :

(i) We have ry+ r;=—kand ry r,=12.

Now, |r—ri=1=|r — n|%=1
But |ri—ry=1=(r + r) % 4r;r; = (—k)? =-4(12) = k*- 48
Thus, k? —48=10rk?=49 = k==+T7.

(ii) We haver; + r, = p/5 and ryry = 1/5.

Now |rir|=1=]|r — rpy| %=1

p%-20
25

But |7 — ol = () dnm=(2) - 4(1) =

p? —20

Th
us, 25

=1orp?—20=25=p2=450rp = +3V5.
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(iii)  Wehave o+ B =3aand ap = a?
Now, a’?+p%=(a + B)?-2af=9a*-2a%*=7a?
= 7/4=7a*o0ra*=1/4 ora= +1/2.
(iv)  We first write the given quadratic equation in standard form, as
k(x —1)2=5x-7= k(x?*-2x+1)=5x—7
or kx? — 2k +5)x+k+7=0.

Let the roots of this equation be o and 2a. Then

pgg o ZkES kT 2k+S , _k+7

a+2a=——anda 20 = — @¢=—— and2a® =——
2k +5 o , k+7

Thus,a = T Putting this value in 2a? = —— we get

€k+5f__k+7

3k k
= 2(2k+572=9k(k+7) = 2(4k? + 20k +25) = 9 k? + 63k
= k2 423k —50=0 = k24 25k —2k—-50= 0
N k(k+25) —2(k+25) =0 = (k—2)(k+25) =0

=> k =2o0rk =-25.

Thus, the required values of k are 2 and —25.

A Piece of Advise

It is always advisable to use the given condition and reduce the number of unknown.
Here instead of beginning with a and B and putting B = 2 a, it is advisable to begin
with o and 2a.

When one root is three times other, take the roots as o, 3a; when one is square of the
other, take roots as o, a?.

(v) Wehavep+qg=-pandpg=q
Now,pg=q=>q(p-1)=0=qg=00rp=1
If g=0then p=—por2p=00or p=0.
If p=1then 1+q=-1lor=> q=-2
Hence, the two solutionsarep=0,q=0andp=1q= —2.

(vi)  Let the roots of the equation be pa and ga. Then
pa + go =-—blaand (pa ) (ga) = cla

> (p+qa= —Zand pq a’ =cla

— —b d Z_C
*= a(P+q) anapq e = a

Equations
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Putting the value of a from the first relation to the second relation, we get

2

(—_b ) C o oy ® + )
= — = — = dac .
PINaw+q)) ~a “@@p+q a ~PITWPTA

(vii)  Let the roots of the equation be a.and a? . Then
oa+a?=-b/a and a a’*=cla=> o+ a? = —b/a and a® =cla
Cubing both the sides of the relation o + a? = —b/a we get
(0. + a?)®= (- bla)®
= a3+ (@?)P+30a? (a+ a?) =-b3/a3
[ (c+y)P=x3+y3+
3xy(x +y)]
>a’+ a®+ 3ad3 (a+ a3)= —b3/a3
Substituting the value of a3 and a + a?, we get
c c\? c\ (—b -b3 ¢ ¢* 3bc —b3
CRNCICI TS T
a + (a) + (a) a a3 a+ a’? a? a3
Multiplying both the sides by a3, we obtain
a’c + ac? —3abc = — b3
= b3 + a’*c + ac? = 3abc
Example 4
(i) The sum of the squares of two numbers is 233 and one of the numbers is 3 less
than twice the other. Find the numbers.
(i) A positive number exceeds its positive square root by 12. Find the number.
(iii) ~ The sum of the squares of three consecutive natural numbers is 110. Find the
natural numbers.
(iv)  Two numbers are such that their sum is 54 and product is 629. Find the
numbers.
(v) The length of a rectangular field is greater than its width by 10 metres. If the
area of the field is 144 sq. m. find its dimensions.
(vi)  The number of straight lines y that can connect x points in a plane is given by :
y = (x/2) (x—1).
How many points does a figures have if only 15 lines can be drawn connecting
its vertices ?
(vii)  Rachit wishes to start a 100 sg. m rectangular (not a square) vegetable garden.

Since he has not only 30 metres barbed wire for fencing, he fences three sides
of the rectangle, letting his house wall act the fourth side. How wide is
vegetable garden ?



Solution :

(i)

(i)

Equations

Since one of the numbers is 3 less than twice the other, we take the
numbers to be x and 2x — 3. According to the given problem.

x2 + (2x—3)* =233

= x%+4x?+9-12x—-233=00r5x>— 12x—244=0

12+ /44— 4(5)(-224) 12+ V144 + 4480

X

10 10
12+ v4264 12+ 68 —28
X = = =8or —
10 10 5

When x = 8, the two numbers are8and2 x 8 —3 =13

When x = _—8,the two numbers are _—28 and 2 <_—28) -3 = _—71
5 5 5 5

Let the positive number be x. According to the given condition
X—Vx=12=>x-12=+/x

Squaring both the sides, we x? — 24x + 144 = x

= x? -25x+144=0 = x?2-9x-16x+144=0

= x(x—9)—16(x—9)=0 = (x-16)(x-9) =0

= X=16or 9.

Putting x =16 in (1), we get 16 — 4 = 12 which is true.

Putting x =9 (1), we get 9 — 3 =12 or — 6 = 12 which is not true.

Thus, x =16.

Alternative solution

PuttingvVx =y in (1) wegety?2 —y=120ry?-y—-12=0

= (y-4(y+3=0 = y=4ory=-3 Vx =4orvx= -3

Since vVx > 0,we rejectvVx = —3

Thus, vx=4 = x=16.
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Algebra - 11 (ili)  Let three consecutive natural numbers be x, x+1, and x + 2. According to
the given condition.

x2+(x+ 12+ (x+2)2=110

= x4+ x24 2x+14+x?4+ 4x+4=110 = 3x%?+ 6x+5=110

> 3x?4+ 6x—-105=0 > x?+2x—-35=0
= x? +7x-5x-35=0 = X(X+7)-5(x+7)=0
> (X-5x+7)=0 = Xx=5-7

Since —7 is not a natural number, so we take x =5
Thus, the required natural numbers are 5, 6,7.

Remark : If you take three numbers as (x — 1), x and (x + 1), then the calculation is
much simpler. Try it as an exercise of your self and see.

(iv) Since the sum of the numbers is 54, we let the numbers be x and 54—x.

According to the given problem x(54 — x) = 629

or 54X — x%= 629 or x?— 54x+629=0
or x%— 37x —17x + 629 or X(X —37)-17(x-37) =0
or x-37)(x-17)=0 or x=37,17

when x = 37, the numbers are 37 and 54— x = 54 — 37 = 17
when x = 17, the numbers are 17 and 54 — 17 = 37
Hence, the numbers are 17 and 37.
(v) Let the width of the rectangular field be x metres, then length is x + 10 metres.

Area of the field = length x breadth = (x + 10) xm® = (x2 4+ 10x) m?

Thus x2 + 10x = 144 = x%+ 10x—144 =0

—10+,/(10)2— 4 x 1 x (—144)

>x =

2X%X1
_ -10+V100+576  —10+v676  —-10+26 _ 6 13
2x1 - 2 - 2 B

Since x cannot be negative, we take x = 8. Thus, the dimension of the field is
8 m x 18m.
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(vi)  Since, the number of lines is given to be 15. We must have Equations

x
—(x-1) = 150rx(x-1) = 300r x>— x—-30=0
2

= x2— 6x+5x—30=0=>(X-6)(x+5) =0=>x=60r-5.
As x cannot be negative, we have x = 6.

(vii)  Let the dimension of the rectangular fixed be x metres be y metres. Suppose
the house is along the side having length y metres [see Figure 1]

Thenx + x +y =30. House
and Xy =100 X X
= y=30-2x and xy =100 y

Figure 1
Putting y =30 —2x in xy = 100, we get x (30 — 2x) = 100
= 2x(15-x) =100 or 15x —x2 +50=0

=>x2— 15x+50=0=> (X-5)(x-10)=0=x=50rx=10.

When x=5, y=30-2(5)=20
When x=10,y=30-2(10)=10

As the garden is rectangular and not a square, the dimension of the vegetable garden
hastobe 5m x 20m.

Example5: (i) Ifaand p are the roots of the equation 2x2—3x-5=0froma
quadratic equation whose roots are o?, Bz.

(i1) If o, B are the roots of the equation 2x*~3x+1=0forman
equation whose roots are o/p and p/a.

(iii) If o, B are the roots of X*~4x + 5 =0 form and equation whose roots
are o’+2, B2+2.

(iv) If a and B be the roots of the equation X° — px + g =0 form and
equation whose roots are
1 1

aa+bandaﬁ+b'

Solution (i)  Since o and f are roots of 2x* — 3x— 5 =0

a+p=3/2and aff =-5/2
We are to form a quadratic equation whose roots are a?' p2.

Let S = Sum of roots = a®+ p? = ((x+B)2— 2 af.

2

_(3) 2( 5)_9+5_29
2 2) 4 T4

71



Algebra - 11 5 25

2
_ _ 202 _ 2_(_5)" _ 25
P = Product of roots = o° B° = (af) —( 2) =

Putting values of S and P in x*— Sx + P = 0, the required equation is
X°— (29/4)x + 25/4 = 0 or 4 x* —29x + 25 = 0.

(i) Since a and B are roots of 2x* —3x + 1 =0, o +f = 3/2 and aff = Y2.

We are to form an equation whose roots are o/f3 and p/a.

LetS=Sumofroots=g+E=a d =(a A aﬁ.
B« aB ap
3\2 1
_ () —2(3)
1
2
- E)=3
4/ \1) 2
a B
P = Productofroots=—= x — =1
B a

Thus, the required quadratic equation is
X*—(5/2)x+1=0 or 2x*°—5x+2=0
(ii1) Since a, P are roots of *—4x+5=0 o+ B=4and af =5.
The roots of the required equation are a?+2 and BZ +2.
LetS = Sum of the roots = (a?+ 2 )+ (B> + 2 )= o’ + B2+ 4
=(0+B)?—2ap+4=(4)7-2x5+4=10
and P = Product of the roots = (¢®+ 2) (B> + 2)= o> B2+ 2 (> + p?) + 4
= o’ P2+ 2 [(o + B)°* — 20P)] + 4 =25+2[16-10] + 4 = 41.
Thus, the required equation is x*— Sx + P =0 or xX* —10x + 41 =0
(iv) Sincea,Baretherootsofxz—px+q=0a+[3=panda,qu.

11
a+b B+ b

The roots of the required equation are "

1 N 1
ac+b af+b

Let S = Sum of the roots =
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B a(e+pB)+ 2b Equations
"~ a?af +ab(a + p) + b2

ap +2b
a’q + abp + b?

1 1

a+b “af+b _ a?aB+ab(atB) + b?

P = Product of the roots 7

1
a’q + abp + b?

The required equation is

x2 — (Sum of the roots) x + Product of the roots = 0

ap + 2b 1

2 _ =
a’q + abp + b2x+ a’ + abp + b?

or x 0

= (a*q+abp+ b?) x*— (ap+2b)x+1=0
Check Your Progress — 1

1. If o and B are the roots of the equation ax’+bx+c=0a # 0, find the value of

6) % (i) ot + ot + o?p?
T/a * 178
ooad B . a By’
(iii) 7 + — (iv) (E + o )
V) a3B+ap? i) at+p*

2. Find the quadratic equation with real coefficients and with the following pairs of
root(s) :

(i) 217, -3/7 (i) 2+v2,2-+2
(i) 1 1 .om n
iii s Ve S+ Ve (iv) ot po
(v) 3,1-2 (vi)1-3i, 1+3i

3. If o, B are the roots of the equation 3x2—4x + 1 =0, form an equation whose roots
are a?/f and (?/a.

4. If a, P are roots of x?—2x + 3 =0, form an equation whose roots are o + 2,
B+ 2.
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Algebra - 11 5. If a, B are the roots of 2x2—3x + 5 =0 find the equation whose roots are
a+ 1/ and B+ 1/a.

6. If a, B be the roots of 2x2—3x + 1 =0 find an equation whose roots are

a B
2+3'2a+3

7. If a, B are the roots of ax? + bx + ¢ = 0 form an equation whose roots form an
equation whose roots are o + 3 and aff /(o + B).

o

If p, g be the roots of 3x2— 4x + 1 =0, show that b and ¢ are the roots are
x?~(p+9q-pg)x-pg(p+q)= 0.

3.4 CUBIC AND BIQADRATIC EQUATIONS

A polynomial equation in X, in which the highest exponent is 3 is called a cubic
equation, and if the highest exponent is 4, it is called a biquadratic equation. Thus, a
cubic equation look as

a +apé+ax+az=0, ag#0 (1)

and a biquadratic equation looks as

ax* +apC+apd+ax+a;=0, ag#0 (2)

Relation between Roots and Coefficients

If a, B, y are the roots of (1), then

Coefficient of x2
a+ B +y=-a/ay =

" Coefficient of x3

Coefficient of x

Py +ya + af = a/ag = Coefficient of x3

d ap —as Constant term
and afy = —= — —
Y ao Coefficient of x3

If a, 5, y and ¢ are the roots of (2), then

—-a, Coefficient of x3

+B+y+d8= = -
a+pry ao Coefficient of x*

@+ By +8)+af +yd= _ G2 _ Coefficient of x?
! Y a, Coefficient of x*

4+ 8)+yda+p)=——3= Coefficient of x
Pl yolath)= ao " Coefficient of x*
ay Constant term

= —=
By a, Coefficient of x*
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Remarks : It will be difficult to solve a cubic equation and biquadrate equation just by Equations
knowing the relation between roots and coefficients. However, if we know
one more relation between the roots, it becomes easier for us to solve the
equation.

Solved Examples
Example 6 : Solve the equation
2x3 -15x*+37x —30=10 (1)
If the roots of the equation are in A.P.
Solution : Recall three numbers in A.P. can be takenas a — f, a, o + f.

If a—p, a, a + pareroots of (1), then (o — p)+ a+ (a+p) =15/2 = 3a = 15/2
= a=5/2
Next,

a(a—P)+o(a+p) (a—Pp)(a+p) =372

> al-aptal+af+ a?— B?=37/2
=302 — g% = 372

L, 37 25 37 1

When = — % the roots are 3, 5/2 2.

It is easily to check that these are roots of (1).
Example 7 :  Solve the equation
6x3 — 11x%2— 3x+2=0 (D
Given that the roots are in H.P.

Solution : Let the roots of the equation be

1
a—p’

1
‘a+ B

RIr
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Algebra - 11 We have

1 N 1 N 1 1 )
a—pf a a+pf 6 @
11,11 1 1 -3 -1 ;
a—p «a a'a+pf a-Ba+pf 6 ®)
PR S S A
an a—f a a+f 6 3 )

From (3), we obtain

(@+P)+toa+(a—p) -1

(a—Pal+p) 2

. 1
= = - ——
@=37 473

Putting this in (4), we obtain

G-#)G)G+p)=-3

= - -2 =-6
=>,82—1+6—25
4 T4
5
=>pi=+ -
B -2

5 1
2 _ ~
If B = > roots become > 2 and 3

If B =-5/2, we get these roots in the reverse order.
Example 8: Solve the equation
8x3 14 x2+7x-1=0 (1)
The roots being in G.P.

Solution : As the roots are in G.P. we may take them as

a

—,a,ar

r

Now,

N a+ + = 14— 7 2
ow,r a ar—8—4, (2)
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(%) (a) + alar) + (g) (ar) =

) @@ = 3

1
From (4),weget a® == 2>a = =
8 2
Putting this in (2), we get
1 (1+ ) 7 1 5
2 \r T4 2 4
1.5 r’+1 5
= I+—=— = - =
r 2 r 2

= 2r2—5r42=0 = (2r-1)(r-2)=0
= r=1/2,r=2

When r =2, we get the roots as

N =

! 1
4I )

When r = 1/2 , we get these roots in the reverse order.

It is easy to verify that these roots satisfy the equation (1)

Example 9:  Solve the equation

x% —13x%+ 15x+189 =0

Solution : As one root exceeds the other by 2, we may take the root as a, a+2

and f.
Now.
at(a+2)+p=13
a(a+t2)+af+(a+2)p=15
and a(a + 2)p =-189
From (2), p = 11-2a.
Putting this in (3), we get

a(o+2)+ 2o+ 2)(11 - 2a)=15

7

8

(1)

being given that one root exceeds the other by 2.

)
©)
(4)

(3)

(4

Equations
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Algebra - 11 = a’+2a+22a + 22 — 4a? — 4a =15
= 3a2-200—-7=0
= Ba+1)(a—-7)=0

= a=-1/3,7

h - _lp-= 11 + 2.3
when o = 3,8 = 3= 3

1 35 _ )
Buta = -, B = ?does not satisfy equation (4)

Whenao=7,p=-3
These values satisfy equation (4)
Thus, roots of (1) are 7,9 and -3
Example 10 : Solve the equation
x*—2x3+4 4x?2+6x—-21=0 (D)
being given that it has two roots equal in magnitude but opposite sign.

Solution : Let the roots of (1) be

a,—o, fand y.

We have

at+(-a)+p+y=2 (2)
[a+Ca)B+y)+ta-a)+py=4 (3)
(@a+Cw)pytal-a)(f+y)=-6 (4)
a(-a)py=-21 (5)

(2) givesp+y =2
Putting this in (4), we get @® =3 or a = + v/3.
From (3), we get
0(f+y)+(3)+fy=4

=>py=7
The quadratic equation whose roots are g and y is

x2—B+y)x+py=0

78 or x2—=2x+7=0



(x—1)2+6=0
=>x=1+ V6i

Thus, roots of (1) are
V3,-v3,1+6i, 1—6i
Example 11: Solve the equation
3x*—25x3+ 50x2— 50x%+ 12=0
The product of two of roots being 2.
Solution :  Let roots of (1) be
a B, v,8, wherey § =2.

We have

25
a+pf+y+ 4 =3

(a+ By +6+ap+yd= 5?0

50
(a +B)ys+ap+y+8) =~
and afyd =-12/3=4
Asy 0 =2, from (5) we get aff = +2.

Putting o =2, y§ = 2in (3), we get

50 38
(054-3)()/"'5):?—4:?

Equation whose rotsare o + fand r + § is

2= (a+B+y+8)x+ (a+By+8) =0

L e 3538
YT EAT T

= 3x2-25x+38 =0

= 3x2-6x—19x+38 =0

= 3AXXx-2)-19xx-2)=0

(1)

(2)

(3)

(4)
()

Equations
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Algebra - 11 19
=> Bx- 19)x-2)=0 =2x = ?,x=2

Leta +f=19/3andr+ 6 =2
Equation whose roots are a and S is

= x2—(a+px+af=0

19
orx’?——x+2=0
3
= 3x2—-19%x+6=0
= (3x-1) (x-6)=0

= x=1/3,6
Equation whose roots are y and 6 is

x2—(r+68)x+r6=0
= x2-2x+2=0
> (x—1)2%24+1=0 =>(x-1)2=i?
= x—1= 4i, x=1+1i

Thus, roots of (1) are 1/3,6, 1 +1i, 1.

Example 12 : The Product of two of the roots of the equation

x* —5x3 4+ 10x3 — 10x + 4 = 0 is equal to the product of the other
two. Q)

Solution : Let roots of (1) be

a, p,y, o

where of=y o

We have

a+p+y+d=5 )
(@+p)(y+06)+af+ys =10 3)
af (y +8)+yd (a+ f) =10 (4)
afyd=4 5)
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Since aff = yo (5) gives aff =y 0 = +2.

Butaf =y d=-2, gives

20y +ota+p)=10 [from (4)]

atfp+y+d=-5

This contradicts (2)

Thus, af =y 5 = 2.

Putting these values in (3), we obtain

(a+ pB) (y +9)=6.

A quadratic equation whose roots are a+p, y + 4 is

2= (@a+B+y+8)x+(a+p) (y+d)=0

orx?-5x+6=0= x=2,3

Leta +f=2andy + 8§ = 3.

A quadratic equation whose roots are a, f is
x2 —(a+BX+ap=0
5x2-2x+2=0=>(x—-1)>2*=-1=i?

> x=1+i
A quadratic equation whose roots are y and ¢ is

xX2=-F+8)x+y5=0
or x?—3x+2=0 =x=1,2
Hence, roots of (1) are
1,2, 1+i, 1—i

Example 13: Solve the equation

x* —8x3 4+ 21x?% — 20x + 5 = 0, the sum of two of the roots being

equal to the sum of the other two.

Solution : Let roots of the equation be @, $, y and § where a + f =y + 4.

We have
at+tpf+ty+o=8 2
(a+ B)(y +0) +ap+tyd=21 3

Equations
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Algebra - |

af(y +90)+y d(a+ ) =20 4
afy 6=5 ()
As a+p =y + 9, from (2), we get
2(a+p)=8=atf=4

Thus, a+p=y +6=4

Putting this in (3), we get

afp+yd =5

A quadratic equation whose roots are af and y J is
x?—(af +y o)x+(af) (y 9) =0

= x?—-5x+5=0

5+ v25-20 1
> x= — > =§(5i‘/§)

Let afs =%(5 + V5)andy 8§ =%(5 — \/g)

A quadratic equation whose roots are a, 3 is

x*—(a+P)x+af =0

1
or x2—4x+§(5+\/§)=0

4 +V16-10-2V5 4+ v6-2V5

= X

2 2
2 B 2

= % (3+ x/E),%(s—\/E),

A quadratic equation whose roots are y, § is
x2—(y+d)x+y5=0

0rx2—4x+%(5—\/§)=0
82



4+ y16-10+ 25

= x 5

4+ J(B+D? 44 (541
- 2 - 2
_3-V55++5
T2 2

Thus, roots of (1) are

HENORICEND)]

Example 14 : If roots of ax3 + bx? + cx+d =0 are in A.P. show that
2bh3— 9abc + 27 a?d = 0 (1)

Solution : Let roots of

(1) beoa-p,aotp

we have

b
(a-B) + @ + (@+p) ==
b

>3a=-—>a=-—
a 3a

As o is a roots of (1), we get

(-5) +b(-50) +e(-p)ra=c
@ 3a 3a ¢ 3a B

=>_b3+ b’ _be +d=0
27a2  9a2 3a -

= —b3+3b3—9abc+27a*d =0

= 2b3 —9abc + 27a*d =0

Example 15 : If o, B, ¥ be the roots of the equation x3 — px?+ gx—y =0
Find the values of
(i) a? + B? +y? (i) p*r2+a?+ a?p?

Gii) a3+ B3+ y3 (V) Ya?p

1)

Equations
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Algebra - 11

84

Solution :

(i)

(ii)

(iii)

(iv)

We have

atf+y=p

By*+va+taf=gq,

and oy =y
Now,
a’+p*+y*=(a+p+y)* 2By +ya+ap)

=p?-2q
B2y? + a?y?® + a?B?
=By + va + af)*-2[(By) (y &) + (v @) (&) + (BY) (ap)]
=By + va + ap)*-20py (a+f+y)
=q*-2yp
o’ +p3+y 3By =(a+B+y) (@+p*+y?>—pr—ya—ap)
=(@+p+y) [(@a+B+7)? =3By +ya+ap)]

= a®+p°+y° -3y =p[p* - 3q]

= a®+p%+y®=p>-3pq+3y

Ya*p= PB+y)+ @ +a)+ aPla+p)
=(a+p+vy) By +va+apf) —3afy

= pgq-3y

Example 16 : a, B, y are the roots of the equation x3 + px + ¢ =0, Q)

Solution :

Then, show that

1 1 1

S @+ BT+ y) =S (@t + BE4y?) o (@ 7+ y7)
We have

at+p+y=0

pr+ay +afi=p

and afy =q

Now, a®* + B2+ y? =(a+ B+ y)* -2(By + ya +ap)



=0-2p=-2p (2

Next
a*+ B3+ yP=—pla+ B+ y)—3q= —3q 3)
[using (1)]

Multiplying (1) by x?2, we get

x> +px3+ qx3 =0

As o, p, y satisfy this equation,

a®+ B2+ y* = —pl@®+ B+ y) - ql@®+ %+ y?)
=-p(-30q) —a(-2p) =5pq (4)

Multiplying (1) by x*, we get
x” +px®+qx* =0
As o, p, r satisfy this equation, we get
o’ +p7+y" = —pl@+ B+ y>) — qla*+p*+ vH) (5)
But a®+ B°+ y®=5pq (6)
Multiplying (1) by x we get
x*+px?+ +qgx = 0.
As o, p, y satisfy this equation, we obtain
at+pt+ yt= —pla*+ p*+ y*) - qla+f+ )
=-p (-2p) - 9(0) = 2p? ()
From (5), (6) and (7) we get

a’+p7+ v’ = —p(5pq) — q(2p*) =-Tp’q
1
=@ +B7+y")=-p%q ®)

Also, %(oz2 + B2+ y?) %(a5 + B>+ y9)

_ 1 2 15 =_ p? 9
—5(— p)-g (pq) =-p°q 9

From (8) and (9), we get

Equations
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Algebra - 11

86

1 1 1
Z@ +B7+y7) = S(@ + B+ ¥ (@ + 7+ y7)

Example 17 : If a,f, y,6 are the roots of the equation.

x*+px3 +gqx? +rx+s=0 1)
Find the value of

(i) Xa* (i) Xx*

Solution : Asa, p, 1,0 are the roots of (1)

Xa = -p
Xap = ¢
Xapy= -1

andafyé =s
Now,
Ya’p=q=Ca)Zap)— Zapy
==p)@—- (=)= -pa+vy
Next Y a®= (X a)? 2% af

=(-p)*-2q9=p*-2q

Check Your Progress — 2

o w D e

10.

Solve the equation 32x? — 48x% + 22x — 3 = 0, given that the roots are in A.P.
Solve the equation 27x3+42x% — 28x — 8 = 0, given that the roots are in G.P.
Solve the equation 3x3 + 11x% + 12x + 4 = 0, given that the roots are in H.P.
Solve the equation 32x3 — 48x2 + 22x — 3 = 0, given that sum of two roots is 1.

Solve the equation x3 — 9x% + 23x — 15 = 0, two of the roots being in the ration
3:5.

Solve the equation x3 — 13x2 + 15x + 189 = 0, given that difference between
two of its roots is 2.

Solve the equation 27x* —195x3 + 494x% — 520x + 192 = 9, given that the roots
are in G.P.

Solve the equation 8x? — 2x? — 27x% + 6x + 9 = 0, given that two roots are
equal in magnitude but opposite in signs.

Solve the equation x* + 2x3 — 21 x? — 22x + 40 = 0, given that sum of two of
the roots being equal to the sum of the other two.

Solve the equation 2x* — 15x3 + 35x% — 30x + 8 = 0, given that product of
two of its roots equals the product of the other two.



11. Solve the equation x* — 10x3 + 42x2 — 82x + 65 = 0, given that product of
two of its roots is 13.

12. If roots of ax3 + bx3 + cx + d = 0 are in G. P. Show that ac3® = b3 d.
13. If the roots of x3 — px% + qx —r = 0 (r # 0)are in H.P. show that

27r3 —=9pqy +2¢3 =0
14.1f 0, B, y are the roots of x3 — px? + 9x —r =0 (r # 0)

Find the value of
. . a 1
O GNP rdE@rp D Yz (i) ) =
15. If o, B, y,6 are the roots of the equation x* —px3 + gx? — rx+s=0 ,s#0
Find the value of (i) Y a? (ii) Z%

3.5 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — 1

1 Wehavea+p=-bla, ap=cla

at+p a+p

O TIT Braje T
2t

(11) (X4 + ,84 + CZZIBZ - (CZZ + 32)2 _ Zdzﬁz

=[a+p)* — 2aB]*-a?p?

CZ3 ﬁ3 B a4+ a4 B (a2+32)2—2a232
B« ap ap
[(CZZ + 32)2 _ 26(2[;2] _ ZQZBZ
ap

(iii)

Equations
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Algebra - 11 [(=b/a)? — 2c/a)? — 2(c/a)?

c/a

_ (b*=2ac)?/a* - 2c?/a®
B c/a

(b% — 2ac)? — 2a?c?

adc

B a?+p*  (a+p)—2ap
a  af aff

_ (=b/a)*—2c/a
B c/a

a
(iv) We have E +

b? — 2ac

ac

V) @B+ ap?® =ap(a*+ B?)
= ap[(a+ B)* —2ap]

N
e
_ c(b? - 2ac)
=—

1 1 a*+p*

vi) o™+ g T BT Tapt

(aZ + ,82)2 _ 2(12‘82
a4—B4

[a? + B2 — 2aB])* — 2a?pB?

(ap)*
b., 2 Cy2
=" —2¢/a]” = 2()
B (c/a)*
_ (b*=2ac)*/()* — 2c?/a®
B c*/a*

(b? — 2ac)?2c?a?(a)* — 2c?/a?

c4
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. 2 (-3) 1
2. (i) Sum of the roots = 5 + —=-z
d product of root (2)( 3)— 6
and product of roots { =)=~
Required tion is x2 ( 1) 6 0
equired equation is x* -~z Jx — 75 =

= 49x%2+7x-6=0

(i) Sumoftheroots=(2+vV2)+(2-v2)=4
and product of roots = (2 ++v2) (2-v2)=4-2=2
.. required equation is
x> —4x+2=0

1 s 1
5—v6 5++6

_ (5++V6)+ (5-+6) 10 10

(iii) Sum of the roots =

5-V6)(5+v6)  25-6 19

1 1 1
and product of the roots = ) = —
P 5-v6 5+v6 19
 reauired equationis x% — Pt L — o
. required equationis x 19x T

or 19x% -10x+1=0

m n mz — n2
(iv) Sum of the roots — + (— _) —

m mn

and proudct of the roots = (%) (— 2) = -1

m? — n?

~.required equationis x?— ———x—1=0
mn

= mnx? — (m? - n?)x-1=0
(v) Sum ofthe roots =3+ (1+v2)=4-+2,
and product of the roots = 3 ( 1- v/2)
.. required equation is

x2—(4—\V2)x+3(1-v2)=0

Equations
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Algebra - 11 (vi) Sum of the roots = (1-3i) + (1 +3i) =2
Product of the roots = (1-3i) (1+3i)=1+9=10
" required equation is

x2—=2x+10=0
3. We have

a +p=4/3, af=1/3

Now a_2+ﬁ_2=a3+ﬁ3=(a+[3)3—3a[3(a+[3)
' B« aB apB
_ (4/3)% — 3(1/3)(4/3)
1/3
64 41 64 28
=37 73] T 9t =g

aZ BZ 3 3
and <?) (;) —OLB = 1/3

.. required equation is

S S
X‘-—x+ 5 =
9" 73

or 9x?—28x+3=0
4. a+tpB=2,0p=3.

Now, (a+2)+(B+2)=a+p+4=6

and (0 +2)(B+2) =of+2(a+p)+4

=3+2(2)+4=11
Thus, required equation is

x2— 6x+11=0.

5. a+pB=3/2 and aff =5/2

1 1. 1 1
Now, (a+ 5)+ B+ = @+p) + (5+7)
P

1 1 1
+ = + )= + —+
00 and (o ﬂ) B a) aff T 2



+2+2
2

5
49
- - - 10
" required equation is
21 49
ST T

Or 10x?—21x+4+49=0

6. o+tBf=32,0p="%

a I 2a%+3a+2p%+3p
Now, + =
26+3 ' 2a+3 (28 + 3)(2a + 3)

_2(a+p)+ 3@+p)
 4af+6(a+p)+ 9

_ 2[(a®+ B?) —2aB]+ 3(a+p)
B 4af+6(a+p)+ 9

_29/4-2 (%)] + 3(3/2)

4(1/2) +6(3/2) + 9

77
T2+9+9 20
a B B ap
and (2,8+3)(2a+3)_4aﬁ+6(a+ﬁ)+9
~ 1/2
 4(1/2)+ 6(3/2)+ 9
121
T 20 40

Thus, required equation is

S AU
YT T a0 T

40x% -14x+1=0

91
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Algebra - 11 7. o+tp =-bla, a p =cla

af_ (a+pB)?+ap
a+p a+p

Now,a + B +

_ (=b/a)* +ac
B —b/a

b? + ac
—ab

c
a

and (o + p) (%) = af =

Thus, required equation is

b? + ac c
x+—-=0
ab a

x% +

= abx?+ (b*+ac)x+bc=0

8. Wehavep+qg=-bandpq =c.
Now, b +c¢=—(p+q) + pq

and bc = — (p+q)pq

Thus, required equation is

x>+ (p+q—p@)x—pq(p+q = 0.
Check Your Progress — 2

1. Lettherootsbe a—pf, a, a+ . Then

(@—p) +o+ (a+p) =48/32=3a=> =32=a="%

(0= B)a+ afo + P) + (a— p)(a + p) = 22/32

21
= 3 2 _ Q2 —=—__
“-B =5

= % - B2 = 22/32
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Thus, required roots are Equations

N| =
|
NN

+ — or

S w

1
F2I

N =
NN
NN

1
) 2 )
These roots satisfy the relation product of roots = 3/32.

2. Let the roots be o/, a, aff

8
We have product of the roots = 57

8
= (@/B) (@) (@B) ==
=3 (X3 =£=} o= E

27 3

=>2( +1)_—14 2 —20
3 b g/ 9 3 9
- +1_—1o _ s 1

These values of a, B satisfy the relation

a

— + B+
e o 3

. —28 .
; ap = 57 (verify)

1 1 1
a—-B'a’a+p

3. Letthe roots be

We have

1
a—p

1 4 1 1 _12
a+pf a-Ba+pf 3

1 1
—+ =
a a

d 1 _ —4
M @—Pa@+p 3
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Algebra - 11 (a+B)+(@a—pB)+ a_4
a(@+p)(a—p)

and (¢ — Ba (a+ pB) = e
Thus,30a=-3 2 0=-1
Also, (—1-B) (-1) (-1+B) = -3/4

, 3 5 1 1
=>1-p =72 = f =Z:>Bi§

Thus, roots are

- 1,2
or 37

It is easy to check these are roots of the equation.
4. Letthe roots be a, fand y. Suppose a + =1

Wehave o +f+y=48/32=312=>r=%

AlSo, aff + By +y a = 2232

22
:>aﬁ+(a+ﬁ)y=§

1 22
= af + (1) (E) = 52> of = 3/16

.. equation whose roots are a and f is
x2—(a+B)x+ap=0
= x2-x+3/16=0=>16x2—-16x+3 =0
= 16x?— 4x—12x+3=0
= 4x(4x-1)-3(4x-1)=0

= (4x-3)(4x-1)=0

B w

= sz,

N =
S w

1
It is easy to verify that T are roots of the equation.

)
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5. Let the roots of the equation be 3a, 5a, and .

We have

30+ 50+B=9 (i)

(3a)(5a) + (30) f + (5a) f = 23 (ii)
and (30)(50) = 15 (iii)

From (i), f# = 9-8a
Putting this in (ii) we get
15 a? + 8 a(9 — 8a) = 23

= 49a% — 720+ 23 =0

= 49a% — 49a —23a+23=0

= 49q(a—1)— 23a(a—1)=0
> (49a—-1)(a—-1)=0=>=1/49,1

Whena=1,=1

Note that these values satisfy (iii)

When o = 1/49, B = 9-8/49 = 433/49

These values do not satisfy the relation (iii)
Thus, roots are 3,5, and 1

6. Let the roots be a, o+2, and B

We have
a+(a+2)+f=9 (i)
aa+2) +af + (a+2)f = 23 (ii)
a(a+2)p=15 (iii)

From (i) we get f =7 — 2a
Putting this in (ii), we obtain
ala+2)+ (a+a+2)(7T-2a)=23

= a’+ 2a+14+10a —4a? =23

= 3a’—12a+9=0=> a’— 4a+3=0

=2 (a—1)(a@-3)=0 =a=1,3

Whena=1,=5

Equations
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Algebra - 1 These values satisfy (iii)
Thus roots are 1,3,5
Whena=3,=1
These values satisfy (iii)

In this case roots are 3,5, 1

7. Lettherootsbea, Sy, o

As these are in G.P.

gy T
195 _
Wehavea+ﬁ+y+6=7 Q)
494
(@+ OB +)+yé+ By =— (ii)
520
vé B+ + Byla+ &) =— (iii)
192 .
(a 8)(BY) = o (i)
Asy o =py, from (iv), we get
(y8)2=64/9 = yé= 8/3 [Use (i) and (iii) ]
Putting these values in (iii), we get
(o +0) (B +y)=350/27 (v)

From (i) and (v), we get equation whose roots are a + d and  + v, is

, 195 350
ST T

or 27x% — 195x + 350 =0

= 27x% — 90x — 105x + 350 = 0

= 9x(3x — 10) —35x (3x-10) =0
= (9x -35) (3x—-10) =0
35 10
S X=93
Let o + 6 =235/9, f +y =10/3
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Equation whose roots are a, ¢ is Equations

35 8 _
YT gt T3 T

= 9x2-35x+24=0
= 9x2 - 27x-8x+24=0
= 9X(X-3)-8(x-3)=0
= (x-3)(x-3)=0

8

=—3
Y79

Next equation whose roots S and y is
x>~ (B+y)x+py=0

= x? 10 +8—0
X 3x 3—

= 3x2-10x+8=0
= (Bx-4)(x-2)=0
> Xx=4/3,2

Thus, roots are
8/9, 4/3, 2, 3 (verify)

8. Let the roots be

a, —a, fand y

We have

a+(a)+p+y=2/8=Y Q)
[a+ ()18 +y) +a (-a) + fy =-27/8 (i)
[a+(~)]By +a(-a) (B+y)=-6/8=-3/4 (iii)
a(-a)fy =9/8 (iv)

From() p+y="Ya

From (iii) —a? (1/4)=-3/4=> a?=3=> a= ++/3
From (ii) -3+ By =-27/8= By = _g

Equation whose roots are $ and y is

x>~ (B+y)x+py=0

or x?—(1/4)x-3/8=0
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Algebra - I = 8x?—2x—-3=0

= x=%,-1/2

3
4

Thus, roots are V3, —v/3, _71 (verify)

9. Letthe roots be a, # y and &, and suppose that

atp=y+4§ ()
We have
atf+y+6= -2 (ii)
(atp)(y+6)+af +ys = —-21 (iii)
(a+pB)yd+aBf (y+ 8) =22 (iv)
afy d=40 (v)

From (i) and (ii),

atp=y+§ =-1

From (iii), we get (-1)(-1) +af+y 6§ = —21
= of+y6=—22

Equation whose roots are af and y4 is

x2= (@f+7r8)x+(f)(r6) =0

= x2+22x+40=0

> (X+2)(x+20)=0=> x=-2,20
Letof=—2y 8§ =-20

Equation whose roots are «, f is
x?—(a+PX+ap=0

or X2+ x-2=0=>x+2)(x-1)=0=>x=-2,1
Equation whose roots are y,§
x2—(y+8)x+ (y86) =0

or x24+x—-20=0 > (x+5) (x—4)=-4,5
> x=-54

Thus, roots are -2, 1, -5, 4
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10.

Let roots be a, #y and §, and assume that

af =vyo
We have

15
a+p+y+ 6=7

(a + B)(y+6)+aﬁ+y6=§
30
(e« + B)yd+ap (v + 8)=7=15

8
aByd = 5= 4
From (i) and (iv)
of=yd= 12
From (ii) and (iv), it follows that

of =y 6 =2

From (iii), (@ + B)(y + 6) = %— 4 =27/2

Thus, equation whose roots are
a+pandy + 4 is

(i)

(i)

(iii)

(iv)

(v)

x> —(a+p+y+8x+(atP)(y+68)=0

or  x2 (15/2)x+27/2=00r2x% — 15x + 27 = 0

= 2x2-9x—-6x+27=0 =x(2x-9)-3(2x-9)=0

= x-3)2x—-9)=0=>x=3,9/2

Leta+p =3, y+ 6§=9/2
Equation whose roots are o and f3 is

x2—(a+pP)x+af=0

x2=3x+2=0=> (x-1Dx-2)=0

=>x=1,2

Equation whose roots are y and § is

> x2—(y+ox+ys=0

Equations
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Algebra - 11

100

9
xz—(z)x+2 =0
2x*—9x+4=0
(2x-1) (x-4)-0

Xx=%4

LU I

Thus, roots are
¥, 1,2, 4

11. Let roots be a, # y and & where a8 = 13 we have

a+f+y+8=10 (i)
(a+p)(y+8)+aBf +yé =42 (ii)
(a+B)¥S +ap (v + &) = 82 (iii)
aPy 8 = 65 (iv)

As off = 13, from (iv) we get y6 = 5 from (iii)

5(a + B) +13(y + §) = 82 (v)
From (i) and (v) 8(y + §) = 32

= y+6=4

From(i))a + =6

Equation whose roots are a and f is
x2—6x+13=0 = x=342i

Equation whose roots are y and ¢ is

X2 —4x+5=0 = x=2+i
Thus, rootsare2 +1i,3 +2 i

a
12. Letthe roots be E, a,af

We have

a _ b .
[—g+(l+(lﬁ——a @)
Za+ aafteaf=— (ii)
ﬁ. . B.a —a 11



a.af = —— (iii)

(ii) = a3 =-d/a
From (i) a (8 + %+1) =2

a

and from (ii)
2B+ 1+1)
a = = =
B
Sa= -5 3= 5
b b3
d c3
_7__F:b3d = aC3

13. Letroots be

We have
1 1 1 _
a—p Tatarp7? (@
o1 1 B (i)
@-pa a@+p) @-pa+p ¢ M
1
(iii)

™M amp@arp
From (i) and (iii), we get

(@+B)+ a+(a—p)
(@=p)(@+p)

1
M @@

and

a

~ 3ar=q =>r=q/3r

As 1/a is a root of x3— px2+gx —r =0,

We get

1 p ¢
B 2t r=0

Equations
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Algebra - 11

14.

(iii)

102

=> l-patga’-ra3=0

2 3

Pq q @
=1 3r +qqr2 = 0

= 2713 -9pgr +3q3 —¢3 =0
= 27r3-9pqr+2g3=0

We have

atf+y=p

By taytaf=gq

apy=v

Now, B +v) (v + @) (a + B)
=(P-x)-B -7
=p*pp’+ qp-v=pq—v

1 B2y2 + y2a2+ B2a?
aZ a2f2y?

By +ya + ap)*=2apy(a + B +y)?

(aBy)?

q* —2rp
TZ



15. Ya=-p, 2B =0 Yxafy= —rand Equations
afyd =s
Now,
i) Xa®=Ea)?-2Yap

= p*-2q

B 1 Yapr -r
(i) 2& Cafys s

3.6 SUMMARY

This unit deals with solutions of equations of degrees 2, 3 and 4 in a single variable. In
sections 3.2 and 3.3, first of all, the method of solving quadratic equations is given
and then nature of these solutions is discussed. Next, method of forming quadratic
equations for which the two roots are known, is discussed. In section 3.4, relations
between roots and coefficients of cubic and biquadratic equations are mentioned.
Using these relations, methods of solving special type of cubic and biquadratic
equations are discussed. All the above-mentioned methods are illustrated with suitable
examples.

Answers/Solutions to questions/problems/exercises given in various sections of the
unit are available in section 3.5.
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